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Abstract: We describe the calculation of the three-loop QCD corrections to quark and
gluon form factors. The relevant three-loop Feynman diagrams are evaluated and the
resulting three-loop Feynman integrals are reduced to a small set of known master integrals
by using integration-by-parts relations. Our calculation confirms the recent results by
Baikov et al. for the three-loop form factors. In addition, we derive the subleading O()
terms for the fermion-loop type contributions to the three-loop form factors which are
required for the extraction of the fermionic contributions to the four-loop quark and gluon
collinear anomalous dimensions. The finite parts of the form factors are used to determine
the hard matching coefficients for the Drell-Yan process and inclusive Higgs-production in
soft-collinear effective theory.
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1. Introduction
The form factors are basic vertex functions, and are as such fundamental ingredients for
many precision calculations in QCD. They couple an external, colour-neutral off-shell cur-
rent to a pair of partons: the quark form factor is the coupling of a virtual photon to a
quark-antiquark pair, while the gluon form factor is the coupling of a Higgs boson to a
pair of gluons through an effective Lagrangian. They appear as virtual higher-order cor-
rections in coefficient functions for the inclusive Drell-Yan process [1–3] and the inclusive
Higgs production cross section [3–6]. In these observables, the infrared poles of the form
factors cancel with infrared singularities from real radiation corrections. Consequently, it
is possible to relate the coefficients of the infrared poles of the form factors to the coef-
ficients of large logarithmic terms in the corresponding real radiation processes [7, 8]. A
framework for combining the resummation of logarithmically enhanced terms at all orders
with fixed-order results is provided in an effective field theory expansion [9] of QCD, which
is systematized by soft-collinear effective theory [10]. In this context, the pole terms of the
form factors yield the anomalous dimensions of the effective operators, while their finite
terms determine the matching coefficients to a given order [11–13].
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The form factors are actually the simplest QCD objects that display a non-trivial
infrared pole structure. As such, their infrared pole coefficients can be used to extract
fundamental constants: the cusp anomalous dimensions [14] which control the structure of
soft divergences and the collinear quark and gluon anomalous dimensions. While the cusp
anomalous dimensions were first obtained to three loops from the asymptotic behaviour of
splitting functions [15, 16], it is the calculation [17, 18] of the pole terms of the three-loop
form factors (and finite plus subleading terms in the two-loop and one-loop form factors [19–
21]), which led to the derivation of the three-loop collinear anomalous dimensions [17, 22,
23]. An important observation is the agreement (up to an overall colour factor) of the cusp
anomalous dimension for the quark and gluon, the so-called Casimir scaling [24]. Casimir
scaling has been verified to three loops [15, 16], but it is an open question whether it holds
at four loops and beyond [25]. From non-perturbative arguments, the Casimir scaling is
expected to break down at some loop order [26].
Based on the observation that infrared singularities of massless on-shell amplitudes
in QCD are related to ultraviolet singularities of operators in soft-collinear effective field
theory [14, 27], the pole structure of these amplitudes can be analyzed using operator
renormalization. The singularity structure of arbitrary multi-leg massless QCD amplitudes
is determined by an anomalous dimension matrix. The terms allowed in this anomalous
dimension matrix are strongly constrained by relations between soft and collinear terms,
from non-abelian exponentiation and from soft and collinear factorization. Independently,
Becher and Neubert [23] and Gardi and Magnea [28] have proposed a remarkable all-loops
conjecture that describes the pole structure of massless on-shell multi-loop multi-leg QCD
amplitudes (generalizing earlier results at two [29] and three loops [30]) in terms of the
cusp anomalous dimensions and the collinear anomalous dimensions. In this conjecture,
the colour matrix structure of the soft anomalous dimension generated by soft gluons
is simply a sum over two-body interactions between hard partons, and thus the matrix
structure at any loop order is the same as at one loop. This result builds on the earlier
work of Refs. [31, 32] which showed the colour matrix structure of the soft anomalous
dimension at two loops is identical to that at one loop. There may be additional colour
correlations at three loops or beyond, which cannot be excluded at present [33]. However
strong arguments for the absence of these terms are given in Refs. [23]. If the all-order
conjecture [23, 28] holds, the calculation of the pole parts of the form factors to a given
loop order (and of the finite and subleading parts at fewer loops) would be sufficient to
determine the infrared poles of all massless on-shell QCD amplitudes to this order.
The calculation of the three-loop form factors requires two principal ingredients: the
algebraic reduction of all three-loop integrals appearing in the relevant Feynman diagrams
to master integrals, and the analytical calculation of these master integrals. The reduction
of integrals to master integrals exploits linear relations among different integrals, and is
done based on a lexicographic ordering of the integrals (the Laporta algorithm [34]). Several
dedicated computer-algebra implementations of the Laporta algorithm are available [34–
37]. The reduction of the integrals relevant to the three-loop form factors is among the most
challenging applications of the Laporta algorithm to date: due to the very large number of
interconnected integrals to be reduced, the linear systems to be solved are often containing
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tens of thousand equations with a similar number of unknowns.
The master integrals in the three-loop form factors were identified already several years
ago [38]. Their analytical calculation proved to be a major computational challenge, which
was completed only in several steps. The one-loop bubble insertions into two-loop vertex
integrals as well as the two-loop bubble insertions into one-loop vertex integrals were derived
using standard Feynman parameter integrals [38], while the genuine three-loop integrals
required an extensive use of Mellin-Barnes integration techniques [39–41].
A first calculation of the three-loop form factors (based in part on numerical results
for some of the expansion coefficients of the master integrals) was accomplished by Baikov
et al. [42] in 2009. The analytical calculation of the last remaining master integrals was
only completed recently [41]. It is the purpose of this paper to validate the three-loop form
factor results of Ref. [41, 42] by an independent calculation, and to extend them in in part
to a higher order in the expansion in the dimensional regularization parameter  = 2−d/2.
These further expansion terms will be needed for an extraction of the quark and gluon
collinear anomalous dimensions from the single pole pieces of the four-loop form factors.
We define the quark and gluon form factors in Section 2, where we also discuss their
UV-renomalization and summarize existing results at one- and two-loops. The reduction
of the form factors to master integrals is described in Section 3, and the three-loop master
integrals are discussed in Section 4. Explicit analytical expressions for them are collected
in Appendix A. Our results for the three-loop form factors are presented in Section 5, and
supplemented by Appendix B. The infrared structure of the QCD form factors up to four-
loops is analyzed in Section 6. The three-loop hard matching coefficients for Drell-Yan and
Higgs production in soft-collinear effective theory are determined from the form factors in
Section 7. An outlook on future applications is contained in Section 8.
2. Quark and gluon form factors in perturbative QCD
The form factors are the basic vertex functions of an external off-shell current (with vir-
tuality q2 = s12) coupling to a pair of partons with on-shell momenta p1 and p2. One
distinguishes time-like (s12 > 0, i.e. with partons both either in the initial or in the final
state) and space-like (s12 < 0, i.e. with one parton in the initial and one in the final state)
configurations. The form factors are described in terms of scalar functions by contracting
the respective vertex functions (evaluated in dimensional regularization with d = 4 − 2
dimensions) with projectors. For massless partons, the full vertex function is described
with only a single form factor.











while the gluon form factor relates to the effective Higgs-gluon-gluon vertex Γµνgg as
Fg =




The form factors are expanded in perturbative QCD in powers of the coupling constant,
with each power corresponding to a virtual loop. We denote the unrenormalized form
factors by Fa and the renormalized form factors by F a with a = q, g.
At tree level, the Higgs boson does not couple either to the gluon or to massless quarks.
In higher orders in perturbation theory, heavy quark loops introduce a coupling between
the Higgs boson and gluons. In the limit of infinitely massive quarks, these loops give rise
to an effective Lagrangian [43] mediating the coupling between the scalar Higgs field and




HFµνa Fa,µν . (2.3)
The coupling λ has inverse mass dimension. It can be computed by matching [44, 45] the
effective theory to the full standard model cross sections [5].
Evaluation of the Feynman diagrams, contributing to the vertex functions at a given
loop order yields the bare (unrenormalised) form factors,
Fqb (α
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where µ20 is the mass parameter introduced in dimensional regularisation to maintain a
dimensionless coupling in the bare Lagrangian density and where
S = e
−γ(4pi), with the Euler constant γ = 0.5772 . . . (2.6)
The renormalization of the form factor is carried out by replacing the bare coupling
αb with the renormalized coupling αs ≡ αs(µ



















































































The renormalization relation for the effective coupling λb in the MS scheme is given by,
































The i-loop contribution to the unrenormalized coefficients is Fai , while the renormalised
coefficient is denoted by F ai where a = q, g. If s12 is space-like, the form factors are
real, while they acquire imaginary parts for time-like s12. These imaginary parts (and
corresponding real parts) arise from the -expansion of
∆(s12) = (−sgn(s12)− i0)
− (2.14)
so that the renormalized form factors are given by,
F q(αs(µ
2), s12, µ








F qn , (2.15)
F g(αs(µ
2), s12, µ













Up to three loops, the renormalized coefficients for the quark form factor (with µ2 =
|s12|) are then obtained as,
F q1 = F
q
1∆(s12),























while those for the gluon form factor are given by,

















































Unless explicitly stated otherwise, the renormalized form factors are given in the space-like
case in the following sections.
The one-loop and two-loop form factors were computed in many places in the litera-
ture [17–21]. All-order expressions in terms of one-loop and two-loop master integrals are
given in [21], and are summarized below.
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2.1 Results at one-loop





the unrenormalised one-loop form factors are given by

























Eqs. (2.20) and (2.21) agree with eqs. (8) and (9) of ref. [21] respectively.
Inserting the expansion of the one-loop master integrals and keeping terms through to


















































































































































where the gluon form factor agrees with eq. (7) of ref. [18] through to O(4). Note that
at each order in , the terms of highest harmonic weight are the same for both quark and
gluon form-factor. This is guaranteed by the equivalence of the coefficient of the leading
pole in eqs. (2.20) and (2.21).
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2.2 Results at two-loops
Written in terms of the two-loop master integrals (listed in the appendix), the unrenor-


































































































































(D − 2)(3D3 − 31D2 + 110D − 128)

























































































3(3D − 8)(D − 3)

























































(2D3 − 25D2 + 94D − 112)(D − 4)





(46D4 − 545D3 + 2395D2 − 4606D + 3248)(D − 6)




























(2D3 − 25D2 + 94D − 112)(D − 4)
4(D − 2)(2D − 5)(2D − 7)
]
(2.26)
which, after re-expressing in terms of N and NF agrees with eqs. (10) and (11) of ref. [21].
Inserting the expansion of the two-loop master integrals and keeping terms through to






























































































































































































































































































































which agrees through to O(2) with eq. (3.6) of ref. [17] and provides the next term in the
expansion.



























































































































































































































































































which agrees through to O(2) with eq. (8) of ref. [18] and provides the next term in the
expansion. Expressions for the renormalized one-loop and two-loop form factors, expanded
to the appropriate order in , can be found in [21].
3. Calculation of the three-loop form factors
To compute the three-loop quark and gluon form factors, we evaluate the relevant three-
loop vertex functions within dimensional regularisation. At this loop order, there are 244
Feynman diagrams contributing to the quark form factor, and 1586 diagrams contributing
to the gluon form factor. We generated these diagrams using QGRAF [50]. After contrac-
tion with the projectors (2.1)–(2.2), each diagram can be expressed as a linear combination
of (typically hundreds of) scalar three-loop Feynman integrals. The three-loop integrals
appearing in the form factors have up to nine different propagators. The integrands can
depend on the three loop momenta, and the two on-shell external momenta, such that 12
different scalar products involving loop momenta can be formed. Consequently, not all
scalar products can be cancelled against combinations of denominators, and we are left
with irreducible scalar products in the numerator of the integrand. We denote the number
of different propagators in an integral by t, the total number of propagators by r and the
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total number of irreducible scalar products by s. The topology of each integral is fixed by
specifying the set of t different propagators and subtopologies are obtained by removing
one or more of the propagators.
Using relations between different integrals based on integration-by-parts (IBP) [51] and
Lorentz invariance (LI) [52], one can express the large number of different integrals in terms
of a small number of so-called master integrals. These identities yield large linear systems
of equations, which are solved in an iterative manner using lexicographic ordering [34]. To
carry out the reduction in a systematic manner, we introduce so-called auxiliary topolo-
gies. Each auxiliary topology is a set of 12 linearly independent propagators. Within the
auxiliary topology, the integrand of a three-loop form factor integral with (r, s, t) is ex-
pressed by r propagators (with exactly t different propagators) in the denominator, and
s propagators (with at most 12-t different propagators) in the numerator. All three-loop
form factor integrals can be cast into one of three auxiliary topologies, which are listed in
Table 1. The first auxiliary topology contains planar integrals only.
Three-loop integrals with 4 ≤ t ≤ 9 and t ≤ r ≤ 9 appear in the form factors. These
come with up to s = 4 irreducible scalar products for the quark form factor and up to










To obtain a reduction, one has to solve very large systems of equations. Already
for s ≤ 4, the system for a given auxiliary topology contains 900000 equations, and its
solution is feasible only with dedicated computer algebra tools. For this reduction, we used
the Mathematica-based package FIRE [36] and the C++ package Reduze [37], which was
developed most recently by one of us.
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Figure 1: One and two-loop master integrals appearing in the quark and gluon form factors.
With Reduze, the reduction and its performance are as follows. The topologies with
more than 4 propagators are reduced after inserting the results of the sub-topologies into
the system. With increasing t the number of equations decrease as (in general) does the
time taken to solve the system which is in the range of a few days to less than an hour
with the program Reduze on a modern desktop computer. The total computing time for
all the planar diagrams is more than 2 months. However, the parallelization of topologies
with an equal number of propagators reduced the overall reduction time to a few weeks.
The three-loop form factors contain in total 22 master integrals, of which 14 are genuine
three-loop vertex functions, 4 are three-loop propagator integrals and 4 are products of one-
loop and two-loop integrals. They are described in detail in the following section.
4. Three-loop form factor master integrals
Our notation for the master integrals follows [38], and we distinguish three topological
types of master integrals: genuine three-loop triangles (At,i-type), bubble integrals (Bt,i-
type) and integrals that contain two-loop triangles (Ct,i-type). In this notation, the index t
denotes the number of propagators, and i is simply enumerating the topologically different
integrals with the same number of propagators.
The one-loop and two-loop master integrals appearing in the form factors at these loop
orders are displayed in Figure 1. Their expansions to finite order have been known for a
long time, all-orders expressions were derived in [21], they can for example be expanded
using HypExp [53]. Bt,i-type and Ct,i-type three-loop integrals are listed in Figure 2. The
Bt,i-type integrals were computed to finite order in [51, 54], and supplemented by the higher
order terms in [55]. Finally, the genuine three-loop vertex integrals are shown in Figure 3,
their expansions to finite order were derived in [38–41].
The calculation of the nine-line three-loop integrals was the last missing ingredient to
the form factor calculation for a long time. The full result for A9,1 and most of the pole





Figure 2: Three-loop two-point and factorizable three-point integrals.
remaining pieces of the latter two integrals were subsequently obtained in [41]. In [40], it
was pointed out that for each of these three integrals one can find an integral from the same
topology with an irreducible scalar product, which has homogeneous transcendentality.
These integrals were named A9,1n, A9,2n and A9,4n, and are defined in [40]. Compared
to [40] we increased the numerical precision of the remaining coefficients, both for A9,2 and
A9,4, by means of conventional packages like MB.m [56]. We reproduce thirteen significant
digits of the analytic result of [41] in the case of A9,2, and fourteen in the case of A9,4.
We also converted our numerical results for these two integrals into the corresponding
integrals of homogeneous transcendentality, A9,2n and A9,4n. On the coefficients of these
integrals, a PSLQ [57] determination was attempted. For the pole coefficients, the PSLQ
algorithm converged to a unique solution in agreement with [41]. For the finite coefficients,
the numerical precision that we obtained is yet insufficient for PSLQ to yield a unique
solution.
An analytic result for A9,2 and A9,4, derived by purely analytic steps and without
fitting rational coefficients to numerical values, is still a desirable task, and remains to be
investigated in the future. This goal is definitely within reach in the case of A9,4, whereas
the situation is less clear for A9,2.
Expansions of all master integrals to the order in  where transcendentality six first
appears are listed in the Appendix.
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Figure 3: Three-point integrals listed in Refs. [38–40].
5. Three-loop form factors

















































































where the last term in the quark form factor is generated by graphs where the virtual gauge
boson does not couple directly to the final-state quarks. This contribution is denoted by
NF,V and is proportional to the charge weighted sum of the quark flavours. In the case of






The coefficient of each colour structure is a linear combination of master integrals,
resulting from the reduction of the integrals appearing in the Feynman diagrams. All
coefficients are listed in Appendix B.
Inserting the expansion of the three-loop master integrals and keeping terms through
































































































































































































































































































































































































































































The pole contributions of Fq3 are given in eq. (3.7) of ref. [17] while the finite parts of
the N2F , CANF and CFNF contributions are given in eq. (6) of ref. [18]. The finite NF,V
contribution can be obtained from the δ(1 − x) contribution to the dabcdabc colour factor
in eq. (6.6) of ref. [58]. The remaining finite contributions are given in eqs. (8) and (9) of
ref. [42].
















































































































































































































































































































The divergent parts agree with eq. (8) of ref. [18] while the finite contributions agree
with eq. (10) of ref. [42].
Using our knowledge of the three-loop form factors, we can also write down the O()
contributions to the NF parts of the quark and gluon form factors. For the quark form-
factor we find that,

















































































































and for the gluon form factor






























































































































The UV-renormalization of the form factors is derived in Section 2 above. Applying
(2.17) and (2.18) yields the expansion coefficients of the renormalized form factors. These
are in the space-like kinematics:



















































































































































































































































































































































































































































































































































































































































































































































































The O() contributions to the NF parts of the UV-renormalized space-like quark and
gluon form factors are given by,

















































































































and for the gluon form factor

































































































































6. Infrared pole structure
According to ref. [14, 23], the general infrared pole structure of a renormalised QCD ampli-
tude is related to the ultraviolet behaviour of an effective operator in soft-collinear effective
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theory. These poles can therefore be subtracted by means of a multiplicative renormal-
ization factor Z. This means that the finite remainders of a scattering amplitude MF is
obtained from the full amplitude M via the relation,
MF = Z−1M. (6.1)
In general, the scattering amplitude M and Z are matrices in colour space. However, in
the context of the quark and gluon form factors, the colour matrix is trivial. The UV
renormalised amplitudes M and MF have perturbative expansions,




























We can now solve eq. (6.1) order by order in the strong coupling,
Poles(M1) = Z1, (6.5)






















2 +M1M4 +M2M3. (6.9)
The deepest infrared pole for the i-loop amplitude is −2i. However, the deepest pole in
the Zi-factor is 
−i−1. All of the deepest poles are obtained directly from the lower loop
amplitudes - which must be known to an appropriately high order in . For example, to
obtain the correct pole structure for Mi, one needs knowledge of M1 through to O(
2i−3).
We find that the infrared pole structure of the renormalised form factors is given by
(i = q, g and Cq = CF , Cg = CA for the cusp anomalous dimension):






























































































Note that the full (all-orders) expressions for F qi are recycled on the right-hand-side. The
coefficients of the cusp soft anomalous dimension γcuspi are known to three-loop order [17]
and are given by:




















































while the quark and gluon collinear anomalous dimensions γqi and γ
g
i in the conventional
dimensional regularisation scheme are also known to three-loop order [22, 23] and are given
by:



































































































































































































































Taking this one step further, we find that the pole structure of the renormalised four-



























































































In this expression, we assume Casimir scaling of the cusp anomalous dimension to hold at
four loops [23, 24], such that only a universal γcusp3 appears. If, contrary to expectations,
Casimir scaling should be violated at this order, different γcusp3 would appear in the double
pole terms of the quark and gluon form factors at four loops.
Eq. (6.22) shows that in order to make use of a calculation of the pole parts of the
four-loop form factors to extract the cusp and collinear anomalous dimensions, one requires
the finite parts of the three-loop form factor for γcusp3 , and of the subleading O() parts
for γq,g3 . For all colour-factor contributions proportional to NF , these are provided in the
previous section. The required subleading terms in higher orders in  from the one-loop
and two-loop form factors were summarized in Section 2 above.
7. Effective Theory Matching Coefficients
It is well known that fixed-order perturbation theory is not necessarily reliable for physical
quantities involving several disparate scales. In such cases, higher-order corrections are
enhanced by large logarithms of scale ratios. Experimentally relevant examples are the
Drell-Yan and Higgs production processes in hadron-hadron colliders. When the phase








, (m ≤ 2k), (7.1)
where (1−z) is the fraction of centre-of-mass energy of the initial partons available for soft
gluon radiation. These can spoil the convergence of the perturbative series. The resum-
mation of these so-called Sudakov-logarithms has been accomplished to fourth logarith-
mic order [59], using the exponentiation properties of the coefficient functions in moment
space [60].
An alternative resummation framework is provided by soft-collinear effective field the-
ory (SCET), which is based on the idea to split the calculation into a series of single-scale
problems by successively integrating out the physics associated with the largest remaining
scale. The SCET framework [10] originated in the study of heavy quarks, and has been
subsequently generalized to massless collider processes [61]. The infrared poles in the high
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energy theory (QCD) get transformed into ultraviolet poles in the effective theory [9, 14]
and can then be resummed by renormalization-group (RG) evolution from the larger scales
to the smaller ones. Of course the SCET must match precisely onto the high energy the-
ory, and this is achieved by computing matrix elements in both the SCET and QCD and
adjusting the Wilson coefficients so that they agree. If the matching is performed on-
shell, then the matching coefficients relevant for Drell Yan and Higgs production can be
obtained from the quark and gluon form factors respectively. Therefore, we can utilise the
results presented in the previous sections to compute the matching conditions through to
three-loops. Results up to two loops were obtained previously in [11–13].
The renormalised form-factors are infrared divergent. In the effective field theory,
these infrared divergences are transformed into ultraviolet poles. The matching coefficient





Z−1i (, s12, µ)F
i(, s12, µ
2). (7.2)
The matching coefficients have the perturbative expansion,
Ci(αs(µ
2), s12, µ










They are are known to two loop order for Drell-Yan [11, 12] and Higgs [13] production,
Cq1 = CF
(


















































































































































































where L = log(−s12/µ
2).
Exploiting the expressions for the renormalised quark and gluon form factors given in
































































































































































































































































































































































































































































































































































































































































































































These matching coefficients allow to perform the three-loop matching of the SCET-based
resummation onto the full QCD calculation.
8. Conclusions
In this paper, we described the calculation of the three-loop quark and gluon form factors
in detail. Our results confirm earlier expressions obtained by Baikov et al. [42], which we
extended by subleading terms in the fermionic corrections.
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The form factors are the simplest QCD objects with non-trivial infrared structure.
Recent findings on the relation between massless on-shell QCD amplitudes and operators
in soft-collinear effective theory [27], combined with constraints from factorization, has led
to the conjecture [23] that their pole terms at a given loop level contain all information
needed to predict the pole structure of massless on-shell multi-leg amplitudes at the same
loop order. In particular, the cusp anomalous dimension can be extracted from the double
pole, and the collinear anomalous dimension from the single pole. At a given loop order,
finite and subleading terms from lower loop orders are also required. In this respect, the
finite terms presented here will be instrumental for the extraction of the four-loop cusp
anomalous dimension, while the subleading terms contribute to the four-loop quark and
gluon collinear anomalous dimension.
The three-loop form factors are key ingredients for the fourth order (N3LO) corrections
to the inclusive Drell-Yan and Higgs boson production cross sections. The calculation of
these, at least in an improvement to the soft approximation [8, 12], could be envisaged
in future work. In view of this application, we derived the hard matching coefficients of
the SCET operators to this order. Inclusion of these corrections will lead to a further
stabilization of the perturbative prediction under scale variations, and are thus important
for precision physics at hadron colliders.
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A. Master Integrals for three-loop form factors
In this appendix, we summarize the -expansions of all master integrals needed for the
three-loop form factors. Our notation for the integrals follows [38], using a Minkowskian
loop integration measure ddk/(2pi)d. All master integrals are defined in Section 4 above.








where n is fixed by dimensional arguments. Unlike Refs. [38–40], there is no (−1)n factor.
We expand to the required order for the three-loop form factors (which is typically the
order where transcendentality 6 first appears).


























































































































































































































+ 40ζ2ζ3 − 16ζ
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− 156ζ7 − 456ζ5 − 844ζ3 + 80ζ
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B8,1 = 20ζ5 + 
(
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































where the analytic expressions for A9,1 and for the pole parts of A9,2 and A9,4 were obtained























































































B. Form factors in terms of master integrals
The unrenormalised three-loop form factors can be expressed as a linear combination of



























































































































































































































































































































































































































































































































































































































































































































(D3 − 20D2 + 104D − 176)(D2 − 7D + 16)
8(2D − 7)(D − 4)
−C8,1
(D3 − 20D2 + 104D − 176)(D2 − 7D + 16)




































3(3D − 14)(D6 − 41D5 + 661D4 − 4992D3 + 19276D2 − 37104D + 28288)














































































































































































































































































































































































































































































































































































































































































































































































(D3 − 20D2 + 104D − 176)(D2 − 7D + 16)
16(2D − 7)(D − 4)
+C8,1
(D3 − 20D2 + 104D − 176)(D2 − 7D + 16)



































(3D − 14)(3D6 − 108D5 + 1586D4 − 11304D3 + 41928D2 − 78208D + 57984)




















































































































































































































































































































































































































































































































































































































































































































































(3D − 14)(3D6 − 93D5 + 1189D4 − 7632D3 + 26028D2 − 45104D + 31104)





















































































































































(D2 − 7D + 16)(6D3 − 65D2 + 238D − 288)(D − 2)
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2 (2D − 5)
+
1807
448 (2D − 7)
−
3947149
636480 (2D − 9)
−
1681
45 (D − 2)
+
1817
420 (D − 3)
+
12096842
371875 (5D − 14)
−
6605536
365625 (5D − 16)
−
57247
28125 (5D − 18)
+
111166
21875 (5D − 22)
+
32
3 (D − 2)2
+
5















2 (2D − 5)
+
1807
448 (2D − 7)
−
3947149




45 (D − 2)
+
1817
420 (D − 3)
+
12096842
371875 (5D − 14)
−
6605536
365625 (5D − 16)
−
57247
28125 (5D − 18)
+
111166
21875 (5D − 22)
+
32
3 (D − 2)2
+
5












448 (2D − 7)
+
1132
45 (D − 2)
−
15
7 (D − 3)
−
368628
21875 (5D − 14)
+
202312
28125 (5D − 16)
+
31416
3125 (5D − 18)
−
1468
13125 (5D − 22)
+
239






(2D3 − 25D2 + 94D − 112) (D3 − 16D2 + 68D − 88)
4 (2D − 7) (D − 2)2 (2D − 5)
+C8,1
(2D3 − 25D2 + 94D − 112) (D3 − 16D2 + 68D − 88)











5 (D − 2)
+
15
14 (D − 3)
+
49392
3125 (5D − 14)
−
5808
3125 (5D − 16)
−
12864
3125 (5D − 18)
+
1752






3 (D − 4) (3D − 14) (15D5 − 266D4 + 1708D3 − 5016D2 + 6624D − 2944)











3072 (2D − 7)
−
226533
5657600 (2D − 9)
−
4
25 (D − 2)
+
2268
10625 (5D − 14)
−
14036
40625 (5D − 16)
+
3504
3125 (5D − 18)
+
2234




















5525 (2D − 9)
−
280
9 (3D − 10)
+
13405743
385 (3D − 14)
−
160
9 (3D − 8)
−
23276
25 (D − 2)
−
499
6 (D − 3)
+
773374
45 (D − 4)
−
1533843736
3346875 (5D − 14)
+
4855107866
4021875 (5D − 16)
+
79707397
9375 (5D − 18)
−
2286575824






6 (D − 3)2
+
573968
15 (D − 4)2
+
135408
5 (D − 4)3
+
36096















11050 (2D − 9)
+
56
9 (3D − 10)
−
89768
75 (D − 2)
−
32
3 (D − 3)
+
282832
135 (D − 4)
−
16480952
286875 (5D − 14)
+
1500528
40625 (5D − 16)
+
2180808
3125 (5D − 18)
−
48975472
9375 (5D − 22)
+
94688
45 (D − 4)2
+
8704















5525 (2D − 9)
−
344
27 (3D − 10)
+
127310




27 (3D − 8)
−
46972
225 (D − 2)
+
29872
45 (D − 4)
+
141597536
3346875 (5D − 14)
+
73031344
1340625 (5D − 16)
−
1607982
3125 (5D − 18)
−
6282976






























135 (D − 4)
−
2031568
84375 (5D − 14)
+
2576
3125 (5D − 16)
−
1879752
3125 (5D − 18)
−
2550912
625 (5D − 22)
+
37696
45 (D − 4)2
+
4736















27 (3D − 10)
−
400
27 (3D − 8)
−
4948
5 (D − 2)
+
55288
27 (D − 4)
+
117104
3375 (5D − 14)
+
12584
625 (5D − 16)
−
133092
625 (5D − 18)
−
515088
125 (5D − 22)
+
13280
9 (D − 4)2
+
6272















231 (3D − 14)
−
5458
45 (D − 2)
+
2524
45 (D − 4)
−
1669664
196875 (5D − 14)
−
289948
61875 (5D − 16)
−
733
125 (5D − 18)
−
665896
9375 (5D − 22)
+
64















22100 (2D − 9)
−
154016
225 (D − 2)
+
98
3 (D − 3)
+
208
15 (D − 4)
+
1662152
6375 (5D − 14)
−
5141248
73125 (5D − 16)
+
8936





















44200 (2D − 9)
−
60536






15 (D − 4)
+
2026304
159375 (5D − 14)
+
56236
24375 (5D − 16)
+
33752
625 (5D − 18)
−
761024
3125 (5D − 22)
+
512






16 (D − 3) (D2 − 7D + 16) (5D3 − 62D2 + 236D − 288)











4032 (2D − 7)
−
226533
70720 (2D − 9)
−
1556
45 (D − 2)
+
215664
14875 (5D − 14)
+
2752
2925 (5D − 16)
+
6548


















105 (D − 3)
+
1169616
3125 (5D − 14)
+
60416
3125 (5D − 16)
−
16616
9375 (5D − 18)
−
3504


















2016 (2D − 7)
−
75511
35360 (2D − 9)
−
622






74375 (5D − 14)
−
2925056
365625 (5D − 16)
−
1314
3125 (5D − 18)
+
49148
28125 (5D − 22)
−
1















2016 (2D − 7)
−
75511
35360 (2D − 9)
−
622






74375 (5D − 14)
−
2925056
365625 (5D − 16)
−
1314
3125 (5D − 18)
+
49148
28125 (5D − 22)
−
1















5 (D − 2)
+
15
14 (D − 3)
+
49392
3125 (5D − 14)
−
5808
3125 (5D − 16)
−
12864
3125 (5D − 18)
+
1752















4608 (2D − 7)
−
75511
2828800 (2D − 9)
−
8
75 (D − 2)
+
1512
10625 (5D − 14)
−
28072
121875 (5D − 16)
+
2336
3125 (5D − 18)
+
4468

















21 (3D − 10)
−
1693529
162162 (D − 1)
−
55
3 (D − 2)
−
37
6 (D − 3)
−
12496
81 (D − 4)
+
12056
3375 (5D − 14)
+
20832
1375 (5D − 16)
+
299376
1625 (5D − 18)
+
9217






4 (D − 3)2
−
1504
9 (D − 4)2
−
896












63 (3D − 10)
−
2806094
81081 (D − 1)
+
80
3 (D − 2)
−
256
81 (D − 4)
+
21296
10125 (5D − 14)
−
2496
1375 (5D − 16)
−
23328
1625 (5D − 18)
−
994


















63 (3D − 10)
−
278326
81081 (D − 1)
−
128
81 (D − 4)
−
17072




1375 (5D − 16)
−
11664
1625 (5D − 18)
+
502
27 (D − 1)2
−
128






(5D − 16) (D − 4)
3 (D − 1)2 (D − 2)2
−A7,1
8 (D − 3) (D − 4) (5D3 − 62D2 + 236D − 288)













21 (3D − 10)
−
64
15 (3D − 8)
+
20262752
135135 (D − 1)
−
4256
9 (D − 4)
+
24112
3375 (5D − 14)
+
41664
1375 (5D − 16)
+
598752


















63 (3D − 10)
−
32
9 (3D − 8)
+
4378936
81081 (D − 1)
−
1024
27 (D − 4)
+
42592
10125 (5D − 14)
−
4992
1375 (5D − 16)
−
46656
1625 (5D − 18)
−
256












63 (3D − 10)
+
32
9 (3D − 8)
+
1481384
81081 (D − 1)
−
512
27 (D − 4)
−
34144
10125 (5D − 14)
−
4416
1375 (5D − 16)
−
23328
1625 (5D − 18)
−
128






16 (D − 3) (D − 4) (5D3 − 62D2 + 236D − 288)
(D − 1) (5D − 14) (5D − 16) (5D − 18)
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